We consider spherically symmetric space-times in GR under the unconventional assumptions that the spherical radius r is either a constant or has a null gradient in the (t, x) subspace orthogonal to the symmetry spheres (i.e., (∂r) 2 = 0 ). It is shown that solutions to the Einstein equations with r = const contain an extra (fourth) spatial or temporal Killing vector and thus satisfy the Birkhoff theorem under an additional physically motivated condition that the lateral pressure is functionally related to the energy density. This leads to solutions that directly generalize the Bertotti-Robinson, Nariai and Plebanski-Hacyan solutions. Under similar conditions, solutions with (∂r)
Introduction
The original Birkhoff theorem [1] [2] [3] stated that in general relativity (GR) a spherically symmetric gravitational field in vacuum is necessarily static and thus reduces to the Schwarzschild solution.
It was later found that the full Schwarzschild spacetime contains a T-region with a special Kantowski-Sachs type metric, and the theorem in fact tells us that a spherically symmetric vacuum field in a particular region is either static or homogeneous, i.e., the Einstein equations imply an additional space-time symmetry not postulated from the beginning. Theorems of this kind make easier the solution process in many physically important situations and provide their better understanding.
The Birkhoff theorem was later extended to different types of geometries (with spherical, planar, pseudospherical, cylindrical symmetries and diverse dimensions) and different material sources of gravity (the cosmological constant, linear and nonlinear electromagnetic fields, scalar fields, gauge fields, perfect fluids, etc.), see, e.g., [4] [5] [6] and references therein.
In particular, in [7, 8] some general conditions were found under which the field equations lead to independence of the metric from a spatial or temporal coordinate, hence the existence of an additional Killing vector field, absent in the original problem setting. The approach of [7, 8] was extended in [5] to multidimensional general relativity with diverse geometries and material sources of gravity.
More general geometric conditions for the emergence of an additional Killing vectors, connected with the existence of a conformal Killing-Yano tensor, were recently found in [9, 10] .
Analogs of the Birkhoff theorem have also been found in a variety of extensions of general relativity, see, e.g., the recent papers [11] [12] [13] and references therein. Extensions of the theorem to quantum gravity models have also been considered [14] .
In the present study we return to spherically symmetric space-times in general relativity. Our goal is to make clear what happens if we cancel one of the conditions used in a simple proof of the theorem, namely, that the gradient of the spherical radius r as a function of the temporal (x 0 = t) and radial (x 1 = x) coordinates should not be null (that is, (∂r)
2 ≡ ∂ a r∂ a r = 0 , a = 0, 1 ). This question is of certain interest even despite the existence of more advanced Birkhoff-like theorems (e.g., [9, 10, 15, 16] ) and though the possible geometries have been generally classified in [17, 18] ; meanwhile, the possible material sources of such geometries have not been described.
If (∂r) 2 = 0 (in particular, if r = const), the Einstein equations seem to be of wave nature, and it is tempting to try to obtain wave solutions indicating a non-Birkhoff situation. We will consider a sufficiently general choice of material sources of gravity and really obtain some simple exact solutions which seem to be new to our knowledge. It turns out that many kinds of matter are incompatible with the condition (∂r)
2 = 0 (e.g., a perfect fluid and a minimally coupled scalar field with a nonzero self-interaction potential), while others, in particular, some kinds of anisotropic fluids, pure radiation and a massless scalar field with a null gradient, combined with a "gas" or "cloud" of radially directed cosmic strings, lead to geometries with a null Killing vector, indicating a behavior in the spirit of the Birkhoff theorem.
The paper is organized as follows. Section 2 presents the basic equations, Section 3 briefly reproduces the well-known proof of the Birkhoff theorem and discusses its straightforward extensions. Section 4 is devoted to consequences of the condition r = const, which is a special case of (∂r)
2 = 0 , while Section 5 deals with a null but nonzero gradient of r(x, t). In the latter case, exact wave solutions are obtained with such sources of gravity as an anisotropic fluid, a cosmological constant, an electromagnetic field, a string cloud, a massless scalar field and pure radiation. Section 6 summarizes and discusses the results.
Basic relations
The general spherically symmetric metric can be written in the form 3 (see, e..g., [19, 20] )
where α, γ, r are functions of x and t, and r is the spherical radius, i.e., the curvature radius of a coordinate sphere x = const, t = const. In (1) there is a freedom of choosing a reference frame (RF) and specific coordinates in a given RF (a congruence of timelike world lines) by postulating certain relations between the functions α, γ, r . The Einstein equations can be written in the form
where T ν µ is the stress-energy tensor (SET) of matter, and T ≡ T α α is its trace. In particular, we consider the cosmological constant as a special kind of matter.
The nontrivial components of the Einstein equations for the metric (1) are
3 Our conventions are: the metric signature (+ − − −) ; the curvature tensor R σ µρν = ∂ν Γ σ µρ − . . . , Rµν = R σ µσν , so that the Ricci scalar R > 0 for de Sitter space-time and the matterdominated cosmological epoch; the system of units 8πG = c = 1 .
where dots and primes stand for ∂/∂t and ∂/∂x, respectively. The spherical radius r(x, t) may be considered as a scalar field in the 2D subspace of our space-time with the coordinates x a = (x 0 , x 1 ) = (t, x). Its gradient ∂ a r may be spacelike, timelike or null.
We are going to explore what happens if we omit one of the conditions often used in formulations of the Birkhoff theorem, the condition that ∂ a r is not null. On the contrary, we will assume that in the whole 4D space-time or its region, (∂r)
2 ≡ e −2γṙ2 − e −2α r ′2 = 0
Since any 2D Riemannian metric is conformally flat, the coordinates x and t can always be chosen so that γ(x, t) ≡ α(x, t), and then the condition (4) reduces tȯ r = ±r ′ . Without loss of generality let us choose the plus sign (otherwise we can simply re-denote x → −x). With α = γ andṙ = r ′ , the Einstein equations (3) are substantially simplified:
where we have introduced the null coordinates
and the subscripts u and v denote ∂/∂u and ∂/∂v , respectively. Sinceṙ = r ′ , we deal with r = r(u). The metric takes the form
(In what follows, we still prefer to write the Einstein equations and the SET components referred to the coordinates t and x for physical convenience, to be able to discuss reference frames (RFs), densities and pressures. The tensor indices 0 and 1 will thus refer, as before, to t and x.)
The Birkhoff theorem
Let us first, for completeness, formulate and prove the theorem in its simplest form, including into consideration vacuum and electrovacuum space-times with a cosmological constant. in the general metric (1), the constants q e and q m being the electric and magnetic charges, respectively. So the SET of the Maxwell field is
where Suppose that the vector ∂ a r is spacelike. Then r can be chosen as a radial coordinate, that is, r = x. Equation (3d) then gives r ′α = 0 , and since r ′ = 1 , we have α = α(x). Thus only γ may depend on t. However, Eq. (3c) expresses γ ′ via functions of x only, hence γ = γ 1 (x) + γ 2 (t). Lastly, γ 2 can be turned to zero by a coordinate transformation t →t(t). Thus the metric is static.
If the vector ∂ a r is timelike, quite a similar reasoning shows that in the coordinate system where r = t the metric is x-independent, in other words, the space-time is homogeneous and belongs to the class of KantowskiSachs cosmological models. This completes the proof. ✷ As is well known, both static and homogeneous solutions to the Einstein equations are then unified in the Reissner-Nordström-de Sitter metric Some comments are in order. First, G3 with non-null orbits on V2 describe spherical, plane and pseudospherical symmetries, and Y ,a corresponds in our notations to ∂ a r . As already said, we here focus on spherical symmetry.
Second, any Ricci tensor types coincide with types of the SET T . This condition defines a generalized notion of vacuum as a kind of matter for which there is no unique comoving RF: instead, all RFs moving in a certain direction, say, x 1 (the radial one in our case) are comoving (the flux T 1 0 is zero) [21, 22] . We will call such a kind of matter Dymnikova's vacuum or, shorter, D-vacuum. Special cases of D-vacuum are not only a cosmological constant and a Maxwell radial electromagnetic field but also, e.g., nonlinear electromagnetic fields with Lagrangians of the form −L(F ), F = F µν F µν (see, e.g., [23] [24] [25] ). In [21] this kind of SET was argued to follow from the properties of quantum fields in curved space-time.
Third, the Birkhoff theorem can be extended to some SETs not mentioned in Theorems 1 and 2 (e.g, perfect fluids, scalar fields, etc.) and symmetries like the cylindrical one [7, 8] , though under additional conditions that prevent the emergence of waves. Some cases of interest are listed in [7, 8] ; such a result was obtained there by finding more general conditions under which, according to the Einstein equations, γ ′ is t-independent orα is x-independent (see the above proof of Theorem 1).
Fourth, the conditions of Theorem 2 exclude the assumption r = const (to be discussed in Section 4) but admit a null gradient ∂ a r = 0 (to be discussed in Section 5); evidently, in the latter case the extra (fourth) Killing vector, which exists according to the theorem, should be null. We shall see that such a null Killing vector also appears in solutions with a number of SETs other than those mentioned in Theorem 2.
4 Systems with r = r 0 = const The condition r = const looks somewhat unusual, but the corresponding solutions are rather much discussed in the literature; examples of their possible application to certain regions of more plausible space-times are long wormhole throats [28] and "horned particles" [29, 30] .
If r = const, we have R 01 = 0 and R 
where ρ is the density and p ⊥ the lateral pressure. For T ν µ it then follows
Evidently, this "vacuum" can consist of a few components, for example, a cosmological constant and a Maxwell field as mentioned above, and anything else with the same structure of the SET. Now, from Eq. (5c) it follows that
The conservation law ∇ ν T ν µ = 0 then holds automatically, leaving p ⊥ quite an arbitrary function of u and v . Furthermore, Eq. (5a) has the form of a nonlinear wave equation for α(u, v):
With an arbitrary p ⊥ , α(u, v) is also arbitrary, and no extra symmetry is observed. So the case r = const is correctly excluded from Theorem 2 (as remarked in [16] ). However, it is physically reasonable to suppose that p ⊥ is connected with ρ by a kind of equation of state, then p ⊥ = const, and Eq. (13) is a Liouville equation whose solutions are well known: according to [26] , the general solution for p ⊥ = 0 is
with arbitrary functions f (u) and g(v) and an arbitrary constant k . There are, in addition, five special solutions [26] :
with four variants of S(z) :
S(z) = {z, cos z, − cosh z, sinh z}, and also
where a, b, C are arbitrary nonzero constants. Note that p ⊥ can have any sign: for example, if matter in question consists of a cosmological constant and a Maxwell field, then
In the case p ⊥ = 0 , Eq. (13) simply gives 2α(u, v) = f (u) + g(v), and then the substitution e f (u) du = dU , e g(v) dv = dV reduces the metric (7) to the simplest form
where 2T = U + V and 2X = U − V , i.e., the geometry is simply M 2 × S 2 , where M 2 stands for 2D Minkowski space. This solution not only corresponds to the special case Λ = q 2 /r 4 of (15), but also to a kind of matter with a SET having the structure
which can be ascribed to a distribution of cosmic strings aligned to the direction x = x 1 , a "string cloud" for brevity (see, e.g., [31] and references therein).
In the pure vacuum case with T ν µ = 0 , due to (12), there is no solution, i.e., for pure vacuum the condition ∂ a r = 0 in Theorem 2 is unnecessary (as was mentioned, e.g., in [27] ).
Returning to the solutions (14), we notice that the same substitution dU = e f (u) du , dV = e g(v) dv applied to the solution (14a) and a change in the notations U → u, V → v result in
It coincides with the special solution (14b) with S(z) = z and a/b = −p ⊥ /(4k 2 ). A curious observation is that a general solution from the viewpoint of differential equations reduces to a special one from the viewpoint of space-time geometry.
Furthermore, in all cases of (14b) a further substitution au → u and bv → v (or bv → −v since a and b can be positive or negative), leads to au + bv → u ± v . Returning to t and x according to Eq. (6), we see that in the new, thus obtained coordinates the function α depends either on t only or on x only.
In (14c), assuming u > 0, v > 0 , we substitute
and obtain
Thus the metric depends on the single coordinate y which can be spatial or temporal depending on the sign of the factor C/p ⊥ . If v or/and u are negative, the same substitution will work with −u or/and −v instead of u and v , respectively. Thus in all such cases the resulting 2D metric only depends on one of the coordinates, spatial or temporal, indicating the existence of the fourth, temporal or spatial Killing vector. In other words, the Birkhoff theorem holds under the assumption r = const under the additional (physically motivated) assumption p ⊥ = const, but one need not assume the Ricci tensor structure as in Theorem 2 since this structure now follows from the Einstein equations.
As to the specific form of static and homogeneous (Kantowski-Sachs) solutions for α(x) or α(t), it is more convenient, instead of transforming different cases of Eqs. (14) , to find them directly from Eq. (5a) (coinciding with (5b)). We thus have the Liouville equation
with p ⊥ = const = 0 . Its solutions are well known and lead to straightforward generalizations of the BertottiRobinson [32, 33] , Nariai [34] and Plebański-Hacyan [35] space-times to more general cases of D-vacuum. Different cases and properties of these solutions are quite well described in the literature (see, e.g., [37] and references therein) and are beyond the scope of this paper.
5 Systems with null nonzero ∂ a r
Comoving matter
Let us try to reveal which sources of gravity are compatible with variable r satisfying (∂r) 2 = 0 . We will first try to simplify the problem assuming that the corresponding coordinate system (t, x) belongs to the comoving reference frame of matter under consideration. It is manifestly the case for any kind of D-vacuum, including the cosmological constant and the radial Maxwell fields, but it is an additional assumption for other kinds of matter. 4 As mentioned before, we have r = r(u). Comoving means that the energy flow is zero, hence due to the Einstein equations R 01 = 0 , and by Eq. (5d)
The remaining Einstein equations (3) lead to the following relations:
Since by assumption r = const, according to (22) α u is a function of u only, and
Choosing properly the coordinate v , we achieve A 1 ≡ 1 , while a transformation u = u(U ), U → u allows us to put r = u , hence e α = 1 . Thus the metric is completely known and has the simple form
Furthermore, by (23) R 0 0 = R 1 1 = 0 , and the total SET necessarily has the form (17), where, according to (24) ,
We see that the only admissible kind of matter able to support this gravitational field has the SET (17) and is interpreted as a cloud of radially aligned cosmic strings. 
A noncomoving fluid
Now let us assume that there is matter compatible with (∂r) 2 = 0 and having a nonzero SET component T 01 . We will consider a few kinds of such matter. (Recall that we consider the SET components corresponding to the coordinates t and x, for example, T 01 ≡ T tx .) Since r = r(u) = const, we again choose the null coordinate u so that r ≡ u (at least in a certain range of u ).
In all cases we will admit that, in addition to the sort of matter under consideration, the sources of gravity include some sort of D-vacuum with the SET (10), or even a combination of different D-vacua not interacting with matter or with each other. As already mentioned, all of them are comoving to any radially moving RF and do not contribute to T 01 and T 0 0 − T 1 1 . Their density and lateral pressure will be denoted ρ vac and p ⊥vac , respectively, to distinguish them from the noncomoving matter. 5 As mentioned above, rather a general form of D-vacuum is represented by nonlinear electromagnetic fields with Lagrangians of the form −L(F ) , F ≡ Fµν F µν . It is of interest to know which L(F ) corresponds to a "stringy" D-vacuum with p ⊥vac = 0 . Assuming that there are both electric and magnetic fields with charges qe and qm , respectively, it can be shown that the condition p ⊥vac = −T 2 2 = 0 leads to the following differential equation
where L F ≡ dL/dF . It is hard to solve in general, but a simple solution is obtained in the case qe = 0 (a pure magnetic field): L = F/F 0 , F 0 = const , a kind of Lagrangian used, e;g., in [29] . If, on the contrary, qm = 0 , we obtain the condition L = 0 , which can only hold for a nonzero electric field if this field is constant, which in turn requires r = const .
Let us begin with an (in general) anisotropic fluid. The SET has the form [36] 
where ρ, p, u µ are the density, pressure and (timelike) 4-velocity, respectively, and χ µ is a spacelike unit vector in the velocity direction. By symmetry of the problem, u 2 = u 3 = 0 , and the normalization condition u α u α = 1 can be written in the form
Also, χ ν = (0, e −α , 0, 0). Now, independent combinations of the Einstein equations (5) can be written as follows:
where Eq. (30a) is the 
The opportunities ρ + p ⊥ = 0 or p ⊥ = p r should be rejected since they lead either to the SET of a cosmological constant (which is comoving to any RF) or to u 0 = u 1 , making u µ a null vector. In both cases it is not a noncomoving fluid.
Thus, in particular, a Pascal perfect fluid with p ⊥ = p r cannot be a source of the metric under consideration. This conclusion is independent of a possible presence of any kind of D-vacuum since the latter does not contribute to Eqs. (30a) and (30b).
There is a considerable freedom in choosing the form of matter variables which can lead to metrics with α = α(u, v). Let us, however, show that under some natural assumptions there is no v dependence, and we again obtain the fourth (v -directed) Killing field, i.e., a Birkhoff-like situation.
Suppose that (i) there are equations of state p r = p r (ρ) and p ⊥ = p ⊥ (ρ) and (ii) ρ vac and p ⊥vac are functions of r , hence of u . (Note that it is true for a cosmological constant and an electromagnetic field.) From (30d) it is then clear that ρ, p r and p ⊥ are functions of u , and from (31) with (29) it follows that e −α u 0 and e −α u 1 are functions of u . Further, from (30a) we find
Substituting (32) into Eq. (30c), we obtain
If U (u) = const, we have α = α(v) which is converted to α ≡ 0 by rescaling of v , and then by (34) , p ⊥ + p ⊥vac = 0 . If, on the contrary, U (u) = const, then we can equate two different expressions for α v that follow from (33) and (34), to obtain
Since U u = 0 , applying ∂ u to both parts of this equality, we see that it can hold only with p ⊥ + p ⊥vac = 0 and V = const. Thus under the assumptions made we find that the field equations inevitably lead to (i) α = α(u) and (ii) p ⊥ + p ⊥vac = 0 .
To verify that such solutions do really exist, let us give a simple example, assuming that there is no "vacuum", p ⊥ = 0 , and p r = −wρ with w = const ∈ (0, 1) (the inequality p r < 0 follows from (31) with p ⊥ = 0 ). Then from Eqs. (30d), (31) and (29) we obtain
It remains to find e α (u), which can be done using (30a) with ρ substituted from (36) . Integrating it, we obtain
It is of interest that at u = u * there is an apparent singularity, where e α → ∞; however, one can verify that all curvature invariants remain finite.
Other solutions with anisotropic fluids, for example, those with a cosmological constant or a string cloud added, can also be found. However, due to Eq. (30c), in all such cases the total lateral pressure is equal to zero.
Pure radiation
We have shown that there are solutions with a noncomoving anisotropic fluid. Let us now consider such matter that has no comoving RF at all, namely, pure radiation whose SET has the form T ν µ = Φ(u, v)k µ k ν , where Φ is a scalar function and a µ is a radial null vector, which, since there are two possible directions, can be chosen in one of the two forms
where the upper sign corresponds to a flow directed to larger values of x and the lower sign to smaller ones. A general situation is the existence of two opposite radiation flows, with the full SET
where Φ ± are scalar functions. In the metric (7), this SET has the following nonzero components:
while all other T ν µ are zero. Note that the trace T µ µ is zero, therefore, (see (2)) T ν µ = T ν µ . With this SET, Eq. (5d) and the difference of (5a) and (5b) lead to the following relations:
whence it immediately follows Ψ = 0 . Thus the metric (7) is only compatible with a radiation flow directed to decreasing values of x, which is in fact the propagation direction of the wave of the quantity r since r = u = x + t.
In what follows we consider
. From (41) we now have
and the other Einstein equations, (5c) and a sum of (5a) and (5b) give
4 e −2α α uv = −p ⊥vac .
Equation (43) shows, in particular, that the inclusion of ρ vac is quite necessary for the existence of a solution. Even more than that: not each kind of "vacuum" is suitable, for example, a combination of a cosmological constant and a Maxwell field gives ρ vac = Λ+q 2 /u 4 , and Eq. (43) then leads to u = const which is meaningless. On the contrary, a string cloud (17) is suitable, with it Eq. (43) simply expresses ρ vac = ρ string in terms of u .
Lastly, the conservation equation ∇ ν T ν µ applied to the SET under consideration gives
( 45) with an arbitrary function F (u). Its comparison with (42) gives α u = uF (u)/4 , a function of u only; its further integration leads to α with an additive arbitrary function of v which can be, as usual, absorbed by rescaling of the coordinate v , so that α = α(u) without loss of generality.
This completes the solution. We have a single arbitrary function α(u), the radiation flux density Φ is then obtained from (45) with F = 4α u /u . Furthermore, from (44) and (43) it follows p ⊥vac = 0 and ρ vac = 1/u 2 , so that again the only admissible kind of D-vacuum is a string cloud.
We also conclude that pure radiation as a source of gravity with the metric (7) automatically leads to a Birkhoff situation with a null (v -directed) additional Killing vector.
Scalar fields
Consider a scalar field φ(x, t) = φ(u, v) with the Lagrangian
where ε = ±1 , ε = 1 corresponds to a normal, canonical scalar field, ε = −1 to a phantom one, and V (φ) is its self-interaction potential. The modified SET T ν µ , entering into the right-hand side of Eqs. (3), has the form
The scalar field equation following from (46) is
where ✷ = ∇ µ ∇ µ is the d'Alembert operator. In the metric (7) it takes the form 4ε e −2α φ uv + 1
Now, Eq. (5d) and the difference of (5a) and (5b) take a form similar to (41)
whence it follows φ v = 0 , so that φ = φ(u). Then ✷φ = 0 (see (49) and (48), and consequently dV /dφ = 0 . Thus the scalar field can only be massless and udependent. (A possible constant potential is simply an addition to the cosmological constant.) A further substitution to Eqs. (5c) and a sum of (5a) and (5b) (the latter takes the form (44)) lead to expressions for ρ vac and p ⊥vac .
Since the conservation equation ∇ ν T ν µ = 0 for the scalar field SET is automatically satisfied, we conclude that in this solution the function φ(u) is arbitrary, while after choosing it, the metric function α is obtained from (50), that is, 4α u = ε u φ 2 u . We see that actually a scalar field is of radiative nature and represents a special case of a radiation flow considered in the previous subsection: we just have
Therefore, again, α = α(u) under a proper choice of the v coordinate. As in the previous case, the only admissible form of vacuum is again a string cloud, and a Birkhoff situation automatically occurs. One should also notice that canonical and phantom scalar fields can form such a solution on equal grounds.
Conclusion
We have considered some unconventional spherically symmetric geometries in connection with the Birkhoff theorem and obtained the following:
1. In the case r = const, the Ricci tensor necessarily belongs to the Segre types mentioned in Theorem 2, but the Birkhoff theorem holds under an additional physically motivated condition that the lateral pressure is functionally related to the energy density. The fourth Killing vector (in addition to those due to spherical symmetry) is spacelike or timelike.
The corresponding solutions are the BertottiRobinson, Nariai and Plebanski-Hacyan solutions and their straightforward generalizations which consist in possible inclusion of Dymnikova's vacuum (D-vacuum) in other forms than a Maxwell field and a cosmological constant.
2. In the case r = const but (∂r)
2 = 0 , if we require that the geometry (7) is supported by some matter comoving to one of the RFs realized by the coordinates t = (u + v)/2 and x = (u − v)/2 , then the only kind of such matter is a cloud of radially aligned cosmic strings, and the metric has the form (26).
3. In the case r = const but (∂r)
2 = 0 , admitting noncomoving matter, there exists a much wider set of solutions with the metric (7) supported by either an anisotropic fluid or a combination of a cosmic string cloud and null matter in the form of pure radiation, in particular, a radiative massless scalar field φ(u).
In the case of an anisotropic fluid, an additional null Killing vector that manifests a "Birkhoff property" of the system exists under extra (though natural) assumptions that pressures and densities are functionally related by some equations of state.
With pure radiation, an additional null Killing vector exists without any extra assumptions. In all these cases, the structure of the Ricci tensor is more general than assumed in Theorem 2, so these results make one more extension of the Birkhoff theorem.
It turns out that in all such cases the total lateral pressure p ⊥ is equal to zero.
Some kinds of matter with nonnull behavior, such as an isotropic perfect fluid or scalar fields with potentials V (φ) = const, are incompatible with the type of geometry under consideration.
All solutions in the case r = const, (∂r)
2 = 0 contain a singularity at u = 0 , as is clear from the expression for the Kretschmann invariant for all of them: for the metric (7) with α = α(u) and r ≡ u it is equal to 4/u 4 . The solutions obtained here, with such kinds of matter as an anisotropic fluid, string clouds, scalar fields and pure radiation, seem to be new, although the corresponding geometries have been previously classified from a mathematical viewpoint [17, 18] .
These solutions are not asymptotically flat, hence they cannot describe the gravitational fields of isolated bodies, but one can speculate that they can represent a limiting form of the fields in a neighborhood of a forming horizon in the process of gravitational collapse.
The present study can be easily extended to plane and pseudospherical symmetries, to an arbitrary number of dimensions, and to nonminimally coupled scalar fields.
